
Multivariate Linear Regression

General Principles

To study relationships between multiple continuous independent variables (e.g., the effect
of weight and age on height), we can use a multiple regression approach. Essentially, we
extend Linear Regression for continuous variable by adding a regression coefficient 𝛽𝑥 for each
continuous variable (e.g., 𝛽𝑤𝑒𝑖𝑔ℎ𝑡 and 𝛽𝑎𝑔𝑒).

Considerations

Note

• We have the same considerations as for the Regression for continuous variable.

• The model interpretation of the regression coefficients 𝛽𝑥 is considered for fixed
values of the other independent variable(s)’ regression coefficients—i.e., for a given
age, 𝛽𝑤𝑒𝑖𝑔ℎ𝑡 represents the expected change in the dependent variable (height) for
each one-unit increase in weight, holding all other variables (e.g., age) constant.

Example

Below is example code demonstrating Bayesian multiple linear regression using the Bayesian
Inference (BI) package. Data consist of three continuous variables (height, weight, age), and
the goal is to estimate the effect of weight and age on height. This example is based on
McElreath (2018).

Python
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from BI import bi

# Setup device------------------------------------------------
m = bi(platform='cpu')

# Import Data & Data Manipulation ------------------------------------------------
from importlib.resources import files
# Import
data_path = m.load.howell1(only_path = True)
m.data(data_path, sep=';')
m.df = m.df[m.df.age > 18] # Subset data to adults
m.scale(['weight', 'age']) # Normalize

# Define model ------------------------------------------------
def model(height, weight, age):

# Parameter prior distributions
alpha = m.dist.normal(0, 0.5, name = 'alpha')
beta1 = m.dist.normal(0, 0.5, name = 'beta1')
beta2 = m.dist.normal(0, 0.5, name = 'beta2')
sigma = m.dist.uniform(0, 50, name = 'sigma')
# Likelihood
m.dist.normal(alpha + beta1 * weight + beta2 * age, sigma, obs = height)

# Run MCMC ------------------------------------------------
m.fit(model) # Optimize model parameters through MCMC sampling

# Summary ------------------------------------------------
m.summary()

jax.local_device_count 16

0%| | 0/1000 [00:00<?, ?it/s]warmup: 0%| | 1/1000 [00:01<20:47, 1.25s/it, 1 steps of size 2.34e+00. acc. prob=0.00]warmup: 13%|�� | 127/1000 [00:01<00:06, 129.96it/s, 7 steps of size 7.45e-01. acc. prob=0.78]warmup: 26%|��� | 256/1000 [00:01<00:02, 278.18it/s, 3 steps of size 1.17e+00. acc. prob=0.78]warmup: 38%|���� | 382/1000 [00:01<00:01, 429.43it/s, 3 steps of size 1.04e+00. acc. prob=0.79]sample: 51%|����� | 508/1000 [00:01<00:00, 578.64it/s, 7 steps of size 6.01e-01. acc. prob=0.94]sample: 63%|������� | 633/1000 [00:01<00:00, 715.42it/s, 7 steps of size 6.01e-01. acc. prob=0.92]sample: 76%|�������� | 763/1000 [00:01<00:00, 846.15it/s, 7 steps of size 6.01e-01. acc. prob=0.92]sample: 89%|��������� | 893/1000 [00:01<00:00, 955.33it/s, 7 steps of size 6.01e-01. acc. prob=0.92]sample: 100%|����������| 1000/1000 [00:02<00:00, 490.72it/s, 3 steps of size 6.01e-01. acc. prob=0.92]
arviz - WARNING - Shape validation failed: input_shape: (1, 500), minimum_shape: (chains=2, draws=4)

mean sd hdi_5.5% hdi_94.5% mcse_mean mcse_sd ess_bulk ess_tail r_hat
alpha 5.20 0.49 4.46 6.06 0.02 0.02 469.94 349.45 NaN
beta1 0.20 0.51 -0.60 1.03 0.02 0.03 570.81 264.55 NaN
beta2 -0.02 0.49 -0.89 0.69 0.02 0.02 576.00 338.15 NaN
sigma 49.98 0.02 49.96 50.00 0.00 0.00 579.62 271.13 NaN
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R

library(BayesianInference)
m=importBI(platform='cpu')

# Import Data & Data Manipulation ------------------------------------------------
m$data(m$load$howell1(only_path = T), sep=';')# Import
m$df = m$df[m$df$age > 18,] # Subset data to adults
m$scale(list('weight', 'age')) # Normalize
m$data_to_model(list('weight', 'height', 'age')) # Send to model (convert to jax array)

# Define model ------------------------------------------------
model <- function(height, weight, age){
# Parameter prior distributions
alpha = bi.dist.normal(0, 0.5, name = 'a')
beta1 = bi.dist.normal(0, 0.5, name = 'b1')
beta2 = bi.dist.normal(0, 0.5, name = 'b2')
sigma = bi.dist.uniform(0, 50, name = 's')
# Likelihood
bi.dist.normal(alpha + beta1 * weight + beta2 * age, sigma, obs=height)

}

# Run MCMC ------------------------------------------------
m$fit(model) # Optimize model parameters through MCMC sampling

# Summary ------------------------------------------------
m$summary() # Get posterior distributions

Julia

using BayesianInference

# Setup device------------------------------------------------
m = importBI(platform="cpu")

# Import Data & Data Manipulation ------------------------------------------------
# Import
data_path = m.load.howell1(only_path = true)
m.data(data_path, sep=';')
m.df = m.df[m.df.age > 18] # Subset data to adults
m.scale(["weight", "age"]) # Normalize
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# Define model ------------------------------------------------
@BI function model(height, weight, age)

# Parameter prior distributions
alpha = m.dist.normal(0, 0.5, name = "alpha")
beta1 = m.dist.normal(0, 0.5, name = "beta1")
beta2 = m.dist.normal(0, 0.5, name = "beta2")
sigma = m.dist.uniform(0, 50, name = "sigma")
# Likelihood
m.dist.normal(alpha + beta1 * weight + beta2 * age, sigma, obs = height)

end

# Run mcmc ------------------------------------------------
m.fit(model) # Optimize model parameters through MCMC sampling

# Summary ------------------------------------------------
m.summary() # Get posterior distributions

Caution

For R users, if you create the regression coefficient in a single call:

betas = bi.dist.normal(0, 0.5, name = 'regression_coefficients', shape = (2,))

you need to index them starting by 0:

m$normal(alpha + betas[0] * weight + betas[1] * age, sigma, obs=height)

Mathematical Details

Frequentist formulation

We model the relationship between the independent variables (𝑋1𝑖, 𝑋2𝑖, ..., 𝑋[𝐾,𝑖]) and the
dependent variable Y using the following equation:

𝑌𝑖 = 𝛼 + 𝛽1𝑋[1,𝑖] + 𝛽2𝑋[2,𝑖] + ... + 𝛽𝑛𝑋[𝐾,𝑖] + 𝜖𝑖

Where:

• 𝑌𝑖 is the dependent variable for observation i.
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• 𝛼 is the intercept term.

• 𝑋[1,𝑖], 𝑋[2,𝑖], …, 𝑋[𝐾,𝑖] are the values of the independent variables for observation i.

• 𝛽1, 𝛽2, …, 𝛽𝐾 are the regression coefficients.

• 𝜖𝑖 is the error term for observation i, and the vector of the error terms, 𝜖, are assumed
to be independent and identically distributed.

Bayesian formulation

In the Bayesian formulation, we define each parameter with priors �. We can express the
Bayesian model as follows:

𝑌𝑖 ∼ Normal(𝛼 +
𝐾

∑
𝑘=1

𝛽𝑘𝑋[𝐾,𝑖], 𝜎)

𝛼 ∼ Normal(0, 1)

𝛽𝑘 ∼ Normal(0, 1)

𝜎 ∼ Uniform(0, 50)

Where:

• 𝑌𝑖 is the dependent variable for observation i.

• 𝛼 is the intercept term, which in this case has a unit-normal prior.

• 𝛽𝑘 are slope coefficients for the K distinct independent variables, which also have unit-
normal priors.

• 𝑋[1,𝑖], 𝑋[2,𝑖], …, 𝑋[𝐾,𝑖] are the values of the independent variables for observation i.

• 𝜎 is a standard deviation parameter, which here has a Uniform prior that constrains it
to be positive.

Reference(s)

McElreath, Richard. 2018. Statistical Rethinking: A Bayesian course with examples in R and
Stan. Chapman; Hall/CRC.
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