
Gaussian Processes

General Principles

Through varying intercepts and slopes, we have seen how to quantify some of the unique
features that generate variation across clusters and covariance among the observations within
each cluster. But through the covariance matrix that is used to account for correlation between
clusters, we are inherently assuming linear relationships between clusters. What if we want to
model the relationship between two variables that are not linearly related? In this case, we
can use a Gaussian Process (GP) to model the relationship between two variables.

Considerations

Caution

• To capture complex, non-linear relationships in data where the underlying function
is smooth but has an unknown functional form, GPs use a kernel �.

• The choice of kernel hyperparameters can significantly impact results; thus, GPs
require choosing an appropriate kernel function that captures the expected behavior
of your data.

• Through kernel definition, we can incorporate domain knowledge.
• They scale poorly with dataset size (O(n³) complexity) due to matrix operations;

thus, memory requirements can be substantial for large datasets, which has led to
neural networks being used instead to resolve large non-linear problems.

Example

Below is an example code snippet demonstrating Gaussian Process regression using the
Bayesian Inference (BI) package. Data consist of a continuous dependent variable (to-
tal_tools), representing the number of tools invented in the islands, and a continuous
independent variable (population), representing the population of the islands. The goal is to
estimate the effect of population on the total tools. We use the distance matrix of the islands
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for the kernel function in order to capture the spatial dependence of the relationship. This
example is based on McElreath (2018).

Python

from BI import bi, jnp
import pandas as pd
# Setup device------------------------------------------------
m = bi(platform='cpu')

# Import Data & Data Manipulation ------------------------------------------------
# Import
from importlib.resources import files
data_path = m.load.kline2(only_path=True)
m.data(data_path, sep=';')

data_path2 = files('BI.Resources') / 'islandsDistMatrix.csv'
islandsDistMatrix = pd.read_csv(data_path2, index_col=0)

m.data_to_model(['total_tools', 'population'])
m.data_on_model["society"] = jnp.arange(0,10)# index observations
m.data_on_model["Dmat"] = islandsDistMatrix.values # Distance matrix

def model(Dmat, population, society, total_tools):
a = m.dist.exponential(1, name = 'a')
b = m.dist.exponential(1, name = 'b')
g = m.dist.exponential(1, name = 'g')

# non-centered Gaussian Process prior
etasq = m.dist.exponential(2, name = 'etasq')
rhosq = m.dist.exponential(0.5, name = 'rhosq')
SIGMA = etasq * jnp.exp(-rhosq * jnp.square(Dmat))
SIGMA = SIGMA.at[jnp.diag_indices(Dmat.shape[0])].add(etasq)
k = m.dist.multivariate_normal(0, SIGMA, name = 'k')

lambda_ = a * population**b / g * jnp.exp(k[society])

m.dist.poisson(lambda_, obs=total_tools)

# Run sampler ------------------------------------------------

2



m.fit(model)
m.summary()

jax.local_device_count 16

0%| | 0/1000 [00:00<?, ?it/s]warmup: 0%| | 1/1000 [00:01<31:19, 1.88s/it, 1 steps of size 2.34e+00. acc. prob=0.00]warmup: 3%|� | 32/1000 [00:01<00:43, 22.31it/s, 31 steps of size 3.60e-02. acc. prob=0.73]warmup: 5%|� | 50/1000 [00:02<00:27, 34.46it/s, 95 steps of size 3.19e-02. acc. prob=0.75]warmup: 6%|� | 65/1000 [00:02<00:20, 46.64it/s, 63 steps of size 3.03e-02. acc. prob=0.76]warmup: 8%|� | 80/1000 [00:02<00:16, 55.42it/s, 255 steps of size 1.59e-02. acc. prob=0.76]warmup: 9%|� | 93/1000 [00:02<00:13, 65.65it/s, 63 steps of size 1.32e-02. acc. prob=0.76] warmup: 11%|� | 109/1000 [00:02<00:11, 79.90it/s, 383 steps of size 3.06e-02. acc. prob=0.76]warmup: 12%|�� | 122/1000 [00:02<00:09, 88.03it/s, 127 steps of size 5.21e-02. acc. prob=0.77]warmup: 14%|�� | 137/1000 [00:02<00:08, 99.18it/s, 255 steps of size 2.11e-02. acc. prob=0.77]warmup: 16%|�� | 156/1000 [00:02<00:07, 117.70it/s, 255 steps of size 3.57e-02. acc. prob=0.77]warmup: 17%|�� | 171/1000 [00:03<00:07, 105.74it/s, 511 steps of size 1.79e-02. acc. prob=0.77]warmup: 18%|�� | 184/1000 [00:03<00:07, 104.46it/s, 3 steps of size 1.23e-02. acc. prob=0.77] warmup: 20%|�� | 196/1000 [00:03<00:07, 105.88it/s, 127 steps of size 6.31e-02. acc. prob=0.77]warmup: 21%|�� | 210/1000 [00:03<00:06, 114.05it/s, 127 steps of size 8.66e-02. acc. prob=0.78]warmup: 22%|��� | 223/1000 [00:03<00:06, 116.50it/s, 127 steps of size 4.77e-02. acc. prob=0.78]warmup: 24%|��� | 240/1000 [00:03<00:06, 125.11it/s, 255 steps of size 2.88e-02. acc. prob=0.78]warmup: 26%|��� | 257/1000 [00:03<00:05, 135.83it/s, 63 steps of size 7.81e-02. acc. prob=0.78] warmup: 27%|��� | 271/1000 [00:03<00:05, 126.50it/s, 127 steps of size 5.51e-02. acc. prob=0.78]warmup: 29%|��� | 288/1000 [00:04<00:05, 135.92it/s, 255 steps of size 2.22e-02. acc. prob=0.78]warmup: 30%|��� | 304/1000 [00:04<00:05, 136.57it/s, 255 steps of size 2.16e-02. acc. prob=0.78]warmup: 32%|���� | 318/1000 [00:04<00:05, 134.52it/s, 63 steps of size 2.17e-02. acc. prob=0.78] warmup: 33%|���� | 334/1000 [00:04<00:04, 136.11it/s, 255 steps of size 3.03e-02. acc. prob=0.78]warmup: 35%|���� | 349/1000 [00:04<00:04, 139.00it/s, 127 steps of size 3.89e-02. acc. prob=0.78]warmup: 37%|���� | 366/1000 [00:04<00:04, 146.55it/s, 127 steps of size 3.56e-02. acc. prob=0.78]warmup: 38%|���� | 382/1000 [00:04<00:04, 149.30it/s, 63 steps of size 4.43e-02. acc. prob=0.78] warmup: 40%|���� | 398/1000 [00:04<00:04, 143.79it/s, 31 steps of size 6.59e-02. acc. prob=0.78]warmup: 41%|����� | 414/1000 [00:04<00:04, 145.08it/s, 127 steps of size 3.06e-02. acc. prob=0.78]warmup: 43%|����� | 432/1000 [00:05<00:03, 153.97it/s, 127 steps of size 3.49e-02. acc. prob=0.78]warmup: 45%|����� | 448/1000 [00:05<00:03, 143.23it/s, 63 steps of size 5.04e-02. acc. prob=0.78] warmup: 46%|����� | 463/1000 [00:05<00:04, 132.85it/s, 63 steps of size 5.23e-02. acc. prob=0.78]warmup: 48%|����� | 477/1000 [00:05<00:04, 111.68it/s, 4 steps of size 8.70e-03. acc. prob=0.78] warmup: 49%|����� | 489/1000 [00:05<00:04, 102.95it/s, 7 steps of size 1.01e-02. acc. prob=0.78]warmup: 50%|����� | 500/1000 [00:05<00:05, 92.59it/s, 15 steps of size 3.06e-02. acc. prob=0.78]sample: 51%|����� | 510/1000 [00:05<00:06, 77.98it/s, 127 steps of size 3.06e-02. acc. prob=0.97]sample: 52%|������ | 519/1000 [00:06<00:06, 74.14it/s, 127 steps of size 3.06e-02. acc. prob=0.94]sample: 53%|������ | 530/1000 [00:06<00:05, 80.49it/s, 127 steps of size 3.06e-02. acc. prob=0.95]sample: 54%|������ | 543/1000 [00:06<00:05, 91.12it/s, 127 steps of size 3.06e-02. acc. prob=0.93]sample: 56%|������ | 556/1000 [00:06<00:04, 98.19it/s, 127 steps of size 3.06e-02. acc. prob=0.94]sample: 57%|������ | 569/1000 [00:06<00:04, 104.97it/s, 127 steps of size 3.06e-02. acc. prob=0.93]sample: 58%|������ | 580/1000 [00:06<00:04, 103.58it/s, 63 steps of size 3.06e-02. acc. prob=0.93] sample: 59%|������ | 592/1000 [00:06<00:03, 107.15it/s, 63 steps of size 3.06e-02. acc. prob=0.94]sample: 60%|������ | 605/1000 [00:06<00:03, 112.53it/s, 127 steps of size 3.06e-02. acc. prob=0.93]sample: 62%|������� | 617/1000 [00:06<00:03, 110.51it/s, 191 steps of size 3.06e-02. acc. prob=0.94]sample: 63%|������� | 631/1000 [00:07<00:03, 118.23it/s, 63 steps of size 3.06e-02. acc. prob=0.94] sample: 64%|������� | 643/1000 [00:07<00:03, 116.08it/s, 127 steps of size 3.06e-02. acc. prob=0.94]sample: 66%|������� | 655/1000 [00:07<00:03, 108.32it/s, 127 steps of size 3.06e-02. acc. prob=0.94]sample: 67%|������� | 669/1000 [00:07<00:02, 115.30it/s, 127 steps of size 3.06e-02. acc. prob=0.94]sample: 68%|������� | 683/1000 [00:07<00:02, 120.18it/s, 127 steps of size 3.06e-02. acc. prob=0.94]sample: 70%|������� | 696/1000 [00:07<00:02, 115.17it/s, 127 steps of size 3.06e-02. acc. prob=0.94]sample: 71%|������� | 709/1000 [00:07<00:02, 118.55it/s, 255 steps of size 3.06e-02. acc. prob=0.94]sample: 72%|�������� | 722/1000 [00:07<00:02, 120.02it/s, 127 steps of size 3.06e-02. acc. prob=0.94]sample: 74%|�������� | 736/1000 [00:07<00:02, 125.10it/s, 127 steps of size 3.06e-02. acc. prob=0.94]sample: 75%|�������� | 751/1000 [00:08<00:01, 128.55it/s, 127 steps of size 3.06e-02. acc. prob=0.94]sample: 77%|�������� | 767/1000 [00:08<00:01, 136.25it/s, 127 steps of size 3.06e-02. acc. prob=0.94]sample: 78%|�������� | 781/1000 [00:08<00:01, 133.97it/s, 127 steps of size 3.06e-02. acc. prob=0.94]sample: 80%|�������� | 795/1000 [00:08<00:01, 129.17it/s, 127 steps of size 3.06e-02. acc. prob=0.94]sample: 81%|�������� | 808/1000 [00:08<00:01, 123.46it/s, 255 steps of size 3.06e-02. acc. prob=0.94]sample: 82%|��������� | 821/1000 [00:08<00:01, 113.05it/s, 63 steps of size 3.06e-02. acc. prob=0.94] sample: 83%|��������� | 834/1000 [00:08<00:01, 116.27it/s, 255 steps of size 3.06e-02. acc. prob=0.94]sample: 85%|��������� | 846/1000 [00:08<00:01, 113.06it/s, 127 steps of size 3.06e-02. acc. prob=0.94]sample: 86%|��������� | 863/1000 [00:08<00:01, 124.80it/s, 255 steps of size 3.06e-02. acc. prob=0.94]sample: 88%|��������� | 876/1000 [00:09<00:01, 123.95it/s, 127 steps of size 3.06e-02. acc. prob=0.94]sample: 89%|��������� | 889/1000 [00:09<00:01, 110.87it/s, 63 steps of size 3.06e-02. acc. prob=0.94] sample: 90%|��������� | 902/1000 [00:09<00:00, 113.11it/s, 127 steps of size 3.06e-02. acc. prob=0.94]sample: 91%|����������| 914/1000 [00:09<00:00, 110.61it/s, 127 steps of size 3.06e-02. acc. prob=0.94]sample: 93%|����������| 926/1000 [00:09<00:00, 111.67it/s, 63 steps of size 3.06e-02. acc. prob=0.94] sample: 94%|����������| 938/1000 [00:09<00:00, 107.46it/s, 63 steps of size 3.06e-02. acc. prob=0.94]sample: 95%|����������| 950/1000 [00:09<00:00, 107.48it/s, 255 steps of size 3.06e-02. acc. prob=0.94]sample: 96%|����������| 961/1000 [00:09<00:00, 104.75it/s, 63 steps of size 3.06e-02. acc. prob=0.94] sample: 97%|����������| 972/1000 [00:10<00:00, 96.50it/s, 255 steps of size 3.06e-02. acc. prob=0.94]sample: 99%|����������| 986/1000 [00:10<00:00, 106.16it/s, 127 steps of size 3.06e-02. acc. prob=0.94]sample: 100%|����������| 997/1000 [00:10<00:00, 98.52it/s, 255 steps of size 3.06e-02. acc. prob=0.94] sample: 100%|����������| 1000/1000 [00:10<00:00, 96.98it/s, 127 steps of size 3.06e-02. acc. prob=0.94]
arviz - WARNING - Shape validation failed: input_shape: (1, 500), minimum_shape: (chains=2, draws=4)

mean sd hdi_5.5% hdi_94.5% mcse_mean mcse_sd ess_bulk ess_tail r_hat
a 1.40 1.03 0.20 2.82 0.07 0.07 162.10 261.31 NaN
b 0.29 0.08 0.17 0.41 0.01 0.00 172.66 189.40 NaN
etasq 0.08 0.05 0.01 0.15 0.00 0.00 148.10 193.35 NaN
g 0.65 0.63 0.01 1.35 0.04 0.07 190.39 243.19 NaN
k[0] -0.20 0.28 -0.60 0.26 0.02 0.02 176.77 195.46 NaN
k[1] 0.03 0.26 -0.37 0.42 0.02 0.01 214.62 210.07 NaN
k[2] -0.06 0.24 -0.43 0.30 0.02 0.01 182.16 196.83 NaN
k[3] 0.36 0.21 0.05 0.71 0.02 0.01 165.96 179.87 NaN
k[4] 0.05 0.21 -0.32 0.35 0.02 0.01 152.21 146.88 NaN
k[5] -0.37 0.25 -0.77 -0.01 0.02 0.01 153.15 217.39 NaN
k[6] 0.14 0.19 -0.20 0.43 0.02 0.01 123.67 208.08 NaN
k[7] -0.21 0.22 -0.55 0.15 0.02 0.01 145.49 288.18 NaN
k[8] 0.26 0.20 -0.03 0.59 0.02 0.01 141.54 171.81 NaN
k[9] -0.20 0.30 -0.68 0.24 0.03 0.02 131.02 243.52 NaN
rhosq 1.62 1.82 0.00 3.20 0.10 0.17 199.68 165.94 NaN

Python (Build in function)

from BI import bi, jnp
import pandas as pd
# Setup device------------------------------------------------
m = bi(platform='cpu')

# Import Data & Data Manipulation ------------------------------------------------
# Import
from importlib.resources import files
data_path = m.load.kline2(only_path=True)
m.data(data_path, sep=';')
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islandsDistMatrix = m.load.islands_dist_matrix(frame = False)['data']

m.data_to_model(['total_tools', 'population'])
m.data_on_model["society"] = jnp.arange(0,10)# index observations
m.data_on_model["Dmat"] = islandsDistMatrix # Distance matrix

def model(Dmat, population, society, total_tools):
a = m.dist.exponential(1, name = 'a')
b = m.dist.exponential(1, name = 'b')
g = m.dist.exponential(1, name = 'g')

k = m.gaussian.gaussian_process(Dmat)

lambda_ = a * population**b / g * jnp.exp(k[society])

m.dist.poisson(lambda_, obs=total_tools)

# Run sampler ------------------------------------------------
m.fit(model)
m.summary()

jax.local_device_count 16

0%| | 0/1000 [00:00<?, ?it/s]warmup: 0%| | 1/1000 [00:01<31:36, 1.90s/it, 1 steps of size 2.34e+00. acc. prob=0.00]warmup: 3%|� | 27/1000 [00:02<00:52, 18.39it/s, 255 steps of size 2.62e-02. acc. prob=0.72]warmup: 4%|� | 40/1000 [00:02<00:34, 28.01it/s, 39 steps of size 1.47e-02. acc. prob=0.74] warmup: 6%|� | 57/1000 [00:02<00:21, 43.87it/s, 255 steps of size 8.43e-03. acc. prob=0.74]warmup: 7%|� | 71/1000 [00:02<00:17, 54.32it/s, 45 steps of size 2.99e-02. acc. prob=0.76] warmup: 8%|� | 84/1000 [00:02<00:15, 59.30it/s, 255 steps of size 2.25e-02. acc. prob=0.76]warmup: 10%|� | 95/1000 [00:02<00:14, 64.46it/s, 255 steps of size 2.07e-02. acc. prob=0.76]warmup: 11%|� | 106/1000 [00:02<00:13, 68.55it/s, 63 steps of size 9.79e-02. acc. prob=0.77]warmup: 12%|�� | 121/1000 [00:02<00:10, 84.25it/s, 255 steps of size 2.70e-02. acc. prob=0.77]warmup: 13%|�� | 134/1000 [00:03<00:09, 89.43it/s, 511 steps of size 1.80e-02. acc. prob=0.77]warmup: 14%|�� | 145/1000 [00:03<00:10, 82.52it/s, 255 steps of size 3.24e-02. acc. prob=0.77]warmup: 16%|�� | 158/1000 [00:03<00:09, 92.54it/s, 127 steps of size 4.53e-02. acc. prob=0.77]warmup: 17%|�� | 169/1000 [00:03<00:08, 95.88it/s, 127 steps of size 7.33e-02. acc. prob=0.77]warmup: 18%|�� | 180/1000 [00:03<00:10, 81.23it/s, 511 steps of size 2.03e-02. acc. prob=0.77]warmup: 19%|�� | 190/1000 [00:03<00:10, 77.19it/s, 63 steps of size 7.08e-02. acc. prob=0.77] warmup: 20%|�� | 200/1000 [00:03<00:09, 81.35it/s, 255 steps of size 6.24e-02. acc. prob=0.78]warmup: 21%|��� | 213/1000 [00:03<00:08, 90.82it/s, 127 steps of size 3.68e-02. acc. prob=0.78]warmup: 23%|��� | 226/1000 [00:04<00:07, 99.38it/s, 127 steps of size 3.57e-02. acc. prob=0.78]warmup: 24%|��� | 239/1000 [00:04<00:07, 106.92it/s, 7 steps of size 2.09e-02. acc. prob=0.78] warmup: 25%|��� | 251/1000 [00:04<00:06, 107.27it/s, 63 steps of size 3.11e-01. acc. prob=0.78]warmup: 26%|��� | 265/1000 [00:04<00:06, 115.83it/s, 255 steps of size 1.71e-02. acc. prob=0.78]warmup: 28%|��� | 278/1000 [00:04<00:06, 116.43it/s, 255 steps of size 2.39e-02. acc. prob=0.78]warmup: 29%|��� | 290/1000 [00:04<00:06, 116.33it/s, 63 steps of size 1.13e-01. acc. prob=0.78] warmup: 30%|��� | 303/1000 [00:04<00:05, 118.84it/s, 31 steps of size 3.83e-02. acc. prob=0.78]warmup: 32%|���� | 315/1000 [00:04<00:05, 117.70it/s, 127 steps of size 5.24e-02. acc. prob=0.78]warmup: 33%|���� | 328/1000 [00:04<00:05, 120.06it/s, 63 steps of size 4.45e-02. acc. prob=0.78] warmup: 34%|���� | 343/1000 [00:05<00:05, 127.39it/s, 63 steps of size 7.42e-02. acc. prob=0.78]warmup: 36%|���� | 356/1000 [00:05<00:06, 96.84it/s, 127 steps of size 3.18e-02. acc. prob=0.78]warmup: 37%|���� | 369/1000 [00:05<00:06, 104.16it/s, 191 steps of size 2.94e-02. acc. prob=0.78]warmup: 38%|���� | 382/1000 [00:05<00:05, 109.69it/s, 255 steps of size 2.82e-02. acc. prob=0.78]warmup: 40%|���� | 395/1000 [00:05<00:05, 114.56it/s, 127 steps of size 4.68e-02. acc. prob=0.78]warmup: 41%|���� | 410/1000 [00:05<00:04, 122.18it/s, 255 steps of size 6.39e-02. acc. prob=0.78]warmup: 43%|����� | 432/1000 [00:05<00:03, 149.11it/s, 127 steps of size 3.77e-02. acc. prob=0.78]warmup: 45%|����� | 450/1000 [00:05<00:03, 157.05it/s, 7 steps of size 2.54e-02. acc. prob=0.78] warmup: 47%|����� | 467/1000 [00:06<00:04, 116.33it/s, 35 steps of size 6.41e-03. acc. prob=0.78]warmup: 48%|����� | 481/1000 [00:06<00:06, 76.21it/s, 95 steps of size 6.53e-02. acc. prob=0.78] warmup: 49%|����� | 492/1000 [00:06<00:08, 60.48it/s, 29 steps of size 1.16e-02. acc. prob=0.78]sample: 50%|����� | 501/1000 [00:06<00:08, 58.68it/s, 95 steps of size 3.34e-02. acc. prob=1.00]sample: 51%|����� | 509/1000 [00:07<00:08, 59.77it/s, 63 steps of size 3.34e-02. acc. prob=0.96]sample: 52%|������ | 519/1000 [00:07<00:07, 67.12it/s, 63 steps of size 3.34e-02. acc. prob=0.93]sample: 53%|������ | 528/1000 [00:07<00:07, 62.67it/s, 63 steps of size 3.34e-02. acc. prob=0.94]sample: 54%|������ | 536/1000 [00:07<00:07, 63.87it/s, 191 steps of size 3.34e-02. acc. prob=0.94]sample: 55%|������ | 549/1000 [00:07<00:05, 77.61it/s, 63 steps of size 3.34e-02. acc. prob=0.93] sample: 56%|������ | 558/1000 [00:07<00:05, 77.28it/s, 127 steps of size 3.34e-02. acc. prob=0.93]sample: 57%|������ | 569/1000 [00:07<00:05, 84.89it/s, 63 steps of size 3.34e-02. acc. prob=0.93] sample: 58%|������ | 579/1000 [00:07<00:06, 67.48it/s, 127 steps of size 3.34e-02. acc. prob=0.93]sample: 59%|������ | 587/1000 [00:08<00:07, 54.30it/s, 63 steps of size 3.34e-02. acc. prob=0.93] sample: 59%|������ | 594/1000 [00:08<00:09, 45.11it/s, 255 steps of size 3.34e-02. acc. prob=0.93]sample: 60%|������ | 600/1000 [00:08<00:09, 41.37it/s, 127 steps of size 3.34e-02. acc. prob=0.93]sample: 61%|������ | 606/1000 [00:08<00:09, 41.67it/s, 255 steps of size 3.34e-02. acc. prob=0.93]sample: 61%|������� | 613/1000 [00:08<00:08, 46.68it/s, 63 steps of size 3.34e-02. acc. prob=0.93] sample: 62%|������� | 623/1000 [00:08<00:06, 56.85it/s, 127 steps of size 3.34e-02. acc. prob=0.93]sample: 63%|������� | 631/1000 [00:09<00:06, 61.07it/s, 63 steps of size 3.34e-02. acc. prob=0.93] sample: 64%|������� | 638/1000 [00:09<00:06, 57.53it/s, 63 steps of size 3.34e-02. acc. prob=0.93]sample: 64%|������� | 645/1000 [00:11<00:41, 8.65it/s, 63 steps of size 3.34e-02. acc. prob=0.93]sample: 65%|������� | 651/1000 [00:11<00:31, 11.01it/s, 63 steps of size 3.34e-02. acc. prob=0.94]sample: 66%|������� | 657/1000 [00:12<00:24, 13.96it/s, 63 steps of size 3.34e-02. acc. prob=0.94]sample: 66%|������� | 662/1000 [00:12<00:20, 16.71it/s, 127 steps of size 3.34e-02. acc. prob=0.94]sample: 67%|������� | 667/1000 [00:12<00:16, 19.67it/s, 63 steps of size 3.34e-02. acc. prob=0.94] sample: 67%|������� | 673/1000 [00:12<00:13, 24.66it/s, 127 steps of size 3.34e-02. acc. prob=0.94]sample: 68%|������� | 678/1000 [00:12<00:11, 28.48it/s, 127 steps of size 3.34e-02. acc. prob=0.94]sample: 68%|������� | 683/1000 [00:12<00:10, 31.66it/s, 127 steps of size 3.34e-02. acc. prob=0.94]sample: 69%|������� | 688/1000 [00:12<00:09, 31.69it/s, 127 steps of size 3.34e-02. acc. prob=0.94]sample: 69%|������� | 693/1000 [00:12<00:09, 34.07it/s, 95 steps of size 3.34e-02. acc. prob=0.94] sample: 70%|������� | 699/1000 [00:12<00:07, 39.73it/s, 127 steps of size 3.34e-02. acc. prob=0.94]sample: 70%|������� | 704/1000 [00:13<00:07, 40.27it/s, 255 steps of size 3.34e-02. acc. prob=0.94]sample: 71%|������� | 709/1000 [00:13<00:07, 39.86it/s, 63 steps of size 3.34e-02. acc. prob=0.94] sample: 72%|�������� | 715/1000 [00:13<00:06, 43.77it/s, 191 steps of size 3.34e-02. acc. prob=0.94]sample: 72%|�������� | 720/1000 [00:13<00:06, 43.63it/s, 127 steps of size 3.34e-02. acc. prob=0.93]sample: 72%|�������� | 725/1000 [00:13<00:06, 39.82it/s, 63 steps of size 3.34e-02. acc. prob=0.94] sample: 73%|�������� | 730/1000 [00:13<00:06, 42.24it/s, 63 steps of size 3.34e-02. acc. prob=0.93]sample: 74%|�������� | 736/1000 [00:13<00:05, 44.41it/s, 191 steps of size 3.34e-02. acc. prob=0.94]sample: 74%|�������� | 742/1000 [00:13<00:05, 47.47it/s, 63 steps of size 3.34e-02. acc. prob=0.94] sample: 75%|�������� | 747/1000 [00:14<00:05, 44.66it/s, 63 steps of size 3.34e-02. acc. prob=0.94]sample: 75%|�������� | 752/1000 [00:14<00:05, 45.94it/s, 63 steps of size 3.34e-02. acc. prob=0.94]sample: 76%|�������� | 757/1000 [00:14<00:05, 45.24it/s, 127 steps of size 3.34e-02. acc. prob=0.94]sample: 76%|�������� | 762/1000 [00:14<00:05, 44.59it/s, 31 steps of size 3.34e-02. acc. prob=0.94] sample: 77%|�������� | 767/1000 [00:14<00:05, 40.15it/s, 127 steps of size 3.34e-02. acc. prob=0.94]sample: 77%|�������� | 772/1000 [00:14<00:06, 35.80it/s, 255 steps of size 3.34e-02. acc. prob=0.94]sample: 78%|�������� | 777/1000 [00:14<00:05, 38.87it/s, 63 steps of size 3.34e-02. acc. prob=0.94] sample: 78%|�������� | 782/1000 [00:15<00:06, 33.81it/s, 319 steps of size 3.34e-02. acc. prob=0.94]sample: 79%|�������� | 786/1000 [00:15<00:06, 34.08it/s, 127 steps of size 3.34e-02. acc. prob=0.94]sample: 79%|�������� | 793/1000 [00:15<00:05, 40.84it/s, 127 steps of size 3.34e-02. acc. prob=0.94]sample: 80%|�������� | 799/1000 [00:15<00:04, 43.23it/s, 191 steps of size 3.34e-02. acc. prob=0.93]sample: 80%|�������� | 804/1000 [00:15<00:04, 43.04it/s, 63 steps of size 3.34e-02. acc. prob=0.94] sample: 81%|�������� | 809/1000 [00:15<00:05, 37.69it/s, 63 steps of size 3.34e-02. acc. prob=0.94]sample: 81%|��������� | 814/1000 [00:15<00:05, 36.05it/s, 191 steps of size 3.34e-02. acc. prob=0.94]sample: 82%|��������� | 818/1000 [00:15<00:05, 33.72it/s, 127 steps of size 3.34e-02. acc. prob=0.93]sample: 82%|��������� | 822/1000 [00:16<00:05, 35.10it/s, 63 steps of size 3.34e-02. acc. prob=0.93] sample: 83%|��������� | 827/1000 [00:16<00:04, 38.48it/s, 127 steps of size 3.34e-02. acc. prob=0.94]sample: 83%|��������� | 831/1000 [00:16<00:04, 36.95it/s, 63 steps of size 3.34e-02. acc. prob=0.94] sample: 84%|��������� | 835/1000 [00:16<00:04, 35.91it/s, 127 steps of size 3.34e-02. acc. prob=0.94]sample: 84%|��������� | 841/1000 [00:16<00:04, 38.50it/s, 255 steps of size 3.34e-02. acc. prob=0.94]sample: 85%|��������� | 848/1000 [00:16<00:03, 44.08it/s, 127 steps of size 3.34e-02. acc. prob=0.94]sample: 85%|��������� | 854/1000 [00:16<00:03, 44.84it/s, 191 steps of size 3.34e-02. acc. prob=0.94]sample: 86%|��������� | 861/1000 [00:16<00:02, 48.69it/s, 191 steps of size 3.34e-02. acc. prob=0.94]sample: 87%|��������� | 866/1000 [00:17<00:02, 46.79it/s, 63 steps of size 3.34e-02. acc. prob=0.94] sample: 87%|��������� | 871/1000 [00:17<00:02, 46.34it/s, 127 steps of size 3.34e-02. acc. prob=0.94]sample: 88%|��������� | 876/1000 [00:17<00:02, 46.01it/s, 191 steps of size 3.34e-02. acc. prob=0.94]sample: 88%|��������� | 881/1000 [00:17<00:02, 44.14it/s, 191 steps of size 3.34e-02. acc. prob=0.94]sample: 89%|��������� | 888/1000 [00:17<00:02, 49.64it/s, 191 steps of size 3.34e-02. acc. prob=0.94]sample: 90%|��������� | 895/1000 [00:17<00:01, 53.64it/s, 127 steps of size 3.34e-02. acc. prob=0.94]sample: 90%|��������� | 903/1000 [00:17<00:01, 60.44it/s, 63 steps of size 3.34e-02. acc. prob=0.94] sample: 91%|����������| 913/1000 [00:17<00:01, 70.18it/s, 63 steps of size 3.34e-02. acc. prob=0.94]sample: 92%|����������| 921/1000 [00:17<00:01, 66.84it/s, 191 steps of size 3.34e-02. acc. prob=0.94]sample: 93%|����������| 928/1000 [00:18<00:01, 59.26it/s, 127 steps of size 3.34e-02. acc. prob=0.94]sample: 94%|����������| 935/1000 [00:18<00:01, 51.50it/s, 63 steps of size 3.34e-02. acc. prob=0.94] sample: 94%|����������| 941/1000 [00:18<00:01, 50.31it/s, 127 steps of size 3.34e-02. acc. prob=0.94]sample: 95%|����������| 947/1000 [00:18<00:01, 48.13it/s, 63 steps of size 3.34e-02. acc. prob=0.94] sample: 95%|����������| 952/1000 [00:18<00:01, 46.33it/s, 63 steps of size 3.34e-02. acc. prob=0.94]sample: 96%|����������| 957/1000 [00:18<00:01, 42.74it/s, 127 steps of size 3.34e-02. acc. prob=0.94]sample: 96%|����������| 962/1000 [00:18<00:01, 36.71it/s, 127 steps of size 3.34e-02. acc. prob=0.94]sample: 97%|����������| 966/1000 [00:19<00:00, 35.01it/s, 127 steps of size 3.34e-02. acc. prob=0.94]sample: 97%|����������| 971/1000 [00:19<00:00, 37.39it/s, 63 steps of size 3.34e-02. acc. prob=0.94] sample: 98%|����������| 976/1000 [00:19<00:00, 38.45it/s, 127 steps of size 3.34e-02. acc. prob=0.94]sample: 98%|����������| 980/1000 [00:19<00:00, 35.68it/s, 63 steps of size 3.34e-02. acc. prob=0.94] sample: 98%|����������| 984/1000 [00:19<00:00, 34.35it/s, 127 steps of size 3.34e-02. acc. prob=0.94]sample: 99%|����������| 988/1000 [00:19<00:00, 31.36it/s, 127 steps of size 3.34e-02. acc. prob=0.94]sample: 99%|����������| 992/1000 [00:19<00:00, 27.87it/s, 255 steps of size 3.34e-02. acc. prob=0.94]sample: 100%|����������| 996/1000 [00:20<00:00, 29.25it/s, 63 steps of size 3.34e-02. acc. prob=0.94] sample: 100%|����������| 1000/1000 [00:20<00:00, 29.21it/s, 63 steps of size 3.34e-02. acc. prob=0.94]sample: 100%|����������| 1000/1000 [00:20<00:00, 49.45it/s, 63 steps of size 3.34e-02. acc. prob=0.94]
arviz - WARNING - Shape validation failed: input_shape: (1, 500), minimum_shape: (chains=2, draws=4)

mean sd hdi_5.5% hdi_94.5% mcse_mean mcse_sd ess_bulk ess_tail r_hat
a 1.38 1.02 0.11 2.69 0.07 0.06 192.96 201.62 NaN
b 0.28 0.09 0.15 0.42 0.01 0.01 177.27 192.47 NaN
etasq 0.19 0.19 0.01 0.39 0.02 0.02 129.19 254.18 NaN
g 0.60 0.55 0.03 1.27 0.04 0.04 202.92 271.68 NaN
kernel[0] -0.16 0.32 -0.72 0.27 0.03 0.03 108.09 103.43 NaN
kernel[1] -0.02 0.31 -0.50 0.53 0.03 0.03 108.18 83.40 NaN
kernel[2] -0.08 0.29 -0.52 0.39 0.03 0.03 104.52 82.13 NaN
kernel[3] 0.36 0.26 -0.06 0.77 0.03 0.03 109.68 101.92 NaN
kernel[4] 0.07 0.25 -0.31 0.48 0.03 0.02 97.98 100.86 NaN
kernel[5] -0.40 0.28 -0.89 -0.00 0.03 0.02 105.36 84.04 NaN
kernel[6] 0.14 0.24 -0.23 0.56 0.02 0.02 98.67 87.33 NaN
kernel[7] -0.22 0.25 -0.58 0.19 0.03 0.02 84.80 101.42 NaN
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mean sd hdi_5.5% hdi_94.5% mcse_mean mcse_sd ess_bulk ess_tail r_hat
kernel[8] 0.25 0.23 -0.14 0.59 0.03 0.02 80.88 114.93 NaN
kernel[9] -0.19 0.31 -0.63 0.34 0.03 0.01 139.57 199.16 NaN
rhosq 1.29 1.61 0.03 3.31 0.10 0.10 155.41 262.27 NaN

R

library(BayesianInference)
jnp = reticulate::import('jax.numpy')
pd = reticulate::import('pandas')
# setup platform------------------------------------------------
m=importBI(platform='cpu')

# Import data ------------------------------------------------
m$data(m$load$kline2(only_path=T), sep=';')
islandsDistMatrix = m$load$islands_dist_matrix(frame = FALSE)$data
m$data_to_model(list('total_tools', 'population'))
m$data_on_model$society = jnp$arange(0,10, dtype='int64')
m$data_on_model$Dmat = jnp$array(islandsDistMatrix)

# Define model ------------------------------------------------
model <- function(Dmat, population, society, total_tools){
a = bi.dist.exponential(1, name = 'a')
b = bi.dist.exponential(1, name = 'b')
g = bi.dist.exponential(1, name = 'g')

# non-centered Gaussian Process prior
etasq = bi.dist.exponential(2, name = 'etasq')
rhosq = bi.dist.exponential(0.5, name = 'rhosq')
k = m$gaussian$gaussian_process(Dmat, etasq, rhosq, 0.01)

lambda_ = a * population**b / g * jnp$exp(k[society])
m$dist$poisson(lambda_, obs=total_tools)

}

# Run MCMC ------------------------------------------------
m$fit(model) # Optimize model parameters through MCMC sampling
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# Summary ------------------------------------------------
m$summary() # Get posterior distribution

Julia

using BayesianInference

# Setup device------------------------------------------------
m = importBI(platform="cpu")

# Import Data & Data Manipulation ------------------------------------------------
# Import
data_path = m.load.kline2(only_path = true)
m.data(data_path, sep=";")

islandsDistMatrix = m.load.islands_dist_matrix(frame = false)["data"]
m.data_to_model(["total_tools", "population"])
m.data_on_model["society"] = jnp.arange(0,10)# index observations
m.data_on_model["Dmat"] = jnp.array(islandsDistMatrix) # Distance matrix

# Define model ------------------------------------------------
@BI function model(Dmat, population, society, total_tools)

a = m.dist.exponential(1, name = "a")
b = m.dist.exponential(1, name = "b")
g = m.dist.exponential(1, name = "g")

# non-centered Gaussian Process prior
etasq = m.dist.exponential(2, name = "etasq")
rhosq = m.dist.exponential(0.5, name = "rhosq")
SIGMA = etasq * jnp.exp(-rhosq * jnp.square(Dmat))
SIGMA = SIGMA.at[jnp.diag_indices(Dmat.shape[0])].add(etasq)
k = m.dist.multivariate_normal(0, SIGMA, name = "k")

lambda_ = a * population^b / g * jnp.exp(k[society])

m.dist.poisson(lambda_, obs=total_tools)

end
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# Run mcmc ------------------------------------------------
m.fit(model) # Optimize model parameters through MCMC sampling

# Summary ------------------------------------------------
m.summary() # Get posterior distributions

Mathematical Details

Formula

The following equation allows us to evaluate the relationship between the dependent variable
𝑌 distributed normal, and the independent variable 𝑋 while incorporating a GP for the effect
of variable 𝑄:

𝑌[𝑖] ∼ Normal(𝛼 + 𝛽𝑋[𝑖] + 𝛾[𝑄[𝑖]], 𝜎)

where:

• 𝑌[𝑖] is the i-th value for the dependent variable 𝑌 .

• 𝛼 is the intercept term.

• 𝛽 is the regression coefficient term.

• 𝑋[𝑖] is the i-th value for the independent variable 𝑋.

• 𝑄[𝑖] is an integer-valued independent variable (e.g., year-of-birth, age, year) for observa-
tion 𝑖.

• 𝛾 is a vector output from a Gaussian process:

𝛾 ∼ MVNormal (𝑍, 𝜍Ω𝜍)

where:

• 𝑍 represents the mean vector of the multivariate normal distribution and set to zero �.

• 𝜍 is a diagonal matrix of standard deviations.

• Ω is a correlation matrix.

• Multiple kernel functions for Ω exist and will be discussed in the Note(s) section. But
the most common one is the quadratic kernel:

7



Ω[𝑖,𝑗] = 𝜂 exp(−𝜙2𝐷2
[𝑖,𝑗])

Where:

• 𝜂 is the maximal correlation.

• 𝜙 determines the rate of decline.

• 𝐷[𝑖,𝑗] is the distance between the 𝑖-th and 𝑗-th categories.

Bayesian model

In the Bayesian formulation, we define each parameter with priors �. We can express a Bayesian
version of this GP using the following model:

𝑌𝑖 = 𝛼 + 𝛽𝑋𝑖 + 𝛾𝑍𝑖

𝛾 ∼ MVNormal ⎛⎜
⎝

⎛⎜
⎝

0
⋮
0
⎞⎟
⎠

, 𝐾⎞⎟
⎠

𝐾𝑖𝑗 = 𝜂2 exp(−𝑝2𝐷2
𝑖𝑗) + 𝛿𝑖𝑗𝜎2

𝛼 ∼ Normal(0, 1)

𝜂2 ∼ HalfCauchy(0, 1)

𝑝2 ∼ HalfCauchy(0, 1)

where:

• 𝑌𝑖 is the i-th value for the dependent variable 𝑌 .

• 𝛼 is the intercept term with a prior of Normal(0, 1).
• 𝛽 is the regression coefficient term with a prior of Normal(0, 1).
• 𝑋𝑖 is the i-th value for the independent variable 𝑋.

• 𝛾𝑍𝑖
is the Gaussian process i-th value for the independent variable 𝑍.
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• 𝛾 is the latent function modeled by the GP.

• 𝐾𝑖𝑗 is the kernel function evaluated at the corresponding points, 𝐾𝑖𝑗 = 𝑘(𝑍𝑖, 𝑍𝑗), with
priors of HalfCauchy(0,1) for 𝜂2 and 𝑝2 to ensure positive values.

Notes

Note

Common kernel functions include:

• Radial Basis Function (RBF) or Squared Exponential Kernel:

𝑘(𝑥, 𝑥′) = 𝜎2 exp (−||𝑥 − 𝑥′||2
2𝑙2 )

• Rational Quadratic Kernel, this kernel is equivalent to adding together many RBF
kernels with different length scales:

𝑘(𝑥, 𝑥′) = 𝜎2 (1 + ||𝑥 − 𝑥′||2
2𝑙2 )

−𝛼

• Periodic kernel allows for modeling functions that repeat themselves exactly:

𝑘(𝑥, 𝑥′) = 𝜎2 exp (−2 sin2(𝜋||𝑥 − 𝑥′||/𝑝)
𝑙2 )

• Locally Periodic Kernel:

𝑘(𝑥, 𝑥′) = 𝜎2 exp (−2 sin2(𝜋||𝑥 − 𝑥′||/𝑝)
𝑙2 ) exp (−||𝑥 − 𝑥′||2

2𝑙2 )

• Any slope or intercept in your model can be defined using a Gaussian Process.

Reference(s)

McElreath, Richard. 2018. Statistical Rethinking: A Bayesian course with examples in R and
Stan. Chapman; Hall/CRC.

https://www.cs.toronto.edu/~duvenaud/cookbook/
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