
Zero-Inflated Models

General Principles

Zero-Inflated Regression models are used when the outcome variable is a count variable with
an excess of zero counts. These models combine a count model (e.g., Poisson or Negative
Binomial) with a separate model for predicting the probability of excess zeros.

Example

Below is an example code snippet demonstrating Bayesian Zero-Inflated Poisson regression
using the BayesForge (BF) package. The data represent the production of books in a monastery
(y), which is affected by the number of days that individuals work, as well as the number of
days individuals drink. This example is based on McElreath (2018).

Python

from BayesForge import bf
import jax.numpy as jnp

# Setup device ------------------------------------------------
m = bf('cpu', rand_seed = False) # Fixing seed for reproducibility

# Simulated data------------------------------------------------
prob_drink = 0.2 # 20% of days
rate_work = 1 # average 1 manuscript per day

# Sample one year of production
N = 365
drink = m.dist.binomial(1, prob_drink, shape = (N,), sample = True)
y = (1 - drink) * m.dist.poisson(rate_work, shape = (N,), sample = True)
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# Setup device------------------------------------------------
m.data_on_model = dict(

y=jnp.array(y)
)

# Define model ------------------------------------------------
def model(y):

al = m.dist.normal(1, 0.5, name='al')
ap = m.dist.normal(-1.5, 1, name='ap')
p = m.link.inv_logit(ap)
lambda_ = jnp.exp(al)
m.dist.zero_inflated_poisson(p, lambda_, obs=y)

# Run MCMC ------------------------------------------------
m.fit(model, progress_bar=False)

# Summary ------------------------------------------------
m.summary()

bf v 0.0.48 package loaded
jax.local_device_count 32

E0526 16:18:37.888858 1067046 cuda_dnn.cc:523] Loaded runtime CuDNN library: 9.1.0 but source was compiled with: 9.8.0. CuDNN library needs to have matching major version and equal or higher minor version. If using a binary install, upgrade your CuDNN library. If building from sources, make sure the library loaded at runtime is compatible with the version specified during compile configuration.
E0526 16:18:37.890623 1067046 cuda_dnn.cc:523] Loaded runtime CuDNN library: 9.1.0 but source was compiled with: 9.8.0. CuDNN library needs to have matching major version and equal or higher minor version. If using a binary install, upgrade your CuDNN library. If building from sources, make sure the library loaded at runtime is compatible with the version specified during compile configuration.

mean sd hdi_5.5% hdi_94.5% mcse_mean mcse_sd ess_bulk ess_tail r_hat
al 0.15 0.09 0.02 0.30 0.00 0.0 1485.52 1999.88 1.01
ap -0.74 0.24 -1.12 -0.38 0.01 0.0 1507.46 1700.08 1.01

R

library(BayesForge)

# setup platform------------------------------------------------
m=importBF(platform='cpu')

# Simulate data ------------------------------------------------
prob_drink = 0.2 # 20% of days
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rate_work = 1 # average 1 manuscript per day
# sample one year of production
N = as.integer(365)
drink = bf.dist.binomial(total_count = as.integer(1), probs = prob_drink, shape = c(N), sample = T ) # An example of sampling a distribution with BF
y = (1 - drink) * bf.dist.poisson(rate_work, shape = c(N), sample = T)
data = list()
data$y = y
m$data_on_model = data

# Define model ------------------------------------------------
model <- function(y){
al = bf.dist.normal(1, 0.5, name='al', shape=c(1))
ap = bf.dist.normal(-1, 1, name='ap', shape=c(1))
p = m$link$inv_logit(ap)
lambda_ = jnp$exp(al)
bf.dist.zero_inflated_poisson(p, lambda_, obs=y)

}

# Run MCMC ------------------------------------------------
m$fit(model) # Optimize model parameters through MCMC sampling

# Summary ------------------------------------------------
m$summary() # Get posterior distribution

Julia

using BayesForge

# Setup device------------------------------------------------
m = importBF(platform="cpu")

# Simulated data ------------------------------------------------
prob_drink = 0.2
rate_work = 1

# Sample one year of production
N = 365

# Note: Use lowercase 'true' for booleans in Julia
# 'drink' will be a Python/JAX object
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drink = m.dist.binomial(1, prob_drink, shape=(N,), sample=true)

# Math works automatically because 'drink' is a Py object
# and we taught Julia how to handle Py arithmetic in the previous step
y = (1 - drink) * m.dist.poisson(rate_work, shape=(N,), sample=true)

# Send data to BF class object ------------------------------------------------
m.data_on_model = pydict(Dict("y" =>y))

# Define model ------------------------------------------------
@BF function model(y)

al = m.dist.normal(1, 0.5, name="al")
ap = m.dist.normal(-1.5, 1, name="ap")
p = m.link.inv_logit(ap)
lambda_ = jnp.exp(al)
m.dist.zero_inflated_poisson(p, lambda_, obs=y)

end

# Run mcmc ------------------------------------------------
m.fit(model) # Optimize model parameters through MCMC sampling

# Summary ------------------------------------------------
m.summary() # Get posterior distributions

Mathematical Details

We model the relationship between the independent variable 𝑋 and the count outcome vari-
able 𝑌 . The model assumes that the data-generating process has two states: a “zero” state
that generates only zero counts, and a “Poisson” state that generates counts from a Poisson
distribution.

The overall model has two main linear models (𝜋𝑖 and 𝜆𝑖):

𝑌𝑖 ∼ ZIPoisson(𝜋𝑖, 𝜆𝑖)

Where the mass probability mass function ZIPoisson(𝜋𝑖, 𝜆𝑖) is given by:

𝑃(𝑌𝑖|𝜋𝑖, 𝜆𝑖) = {𝜋𝑖 + (1 − 𝜋𝑖) × Poisson(0|𝜆𝑖) if 𝑌𝑖 = 0
(1 − 𝜋𝑖) × Poisson(𝑌𝑖|𝜆𝑖) if 𝑌𝑖 > 0
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1. 𝜋𝑖 A logistic regression model to predict the probability of a structural zero.

2. 𝜆𝑖 is a Poisson regression conditional on the outcome not resulting from a structural
zero.

Jointly these two parameters allow us to estimate the probability of getting a zero (𝑌𝑖 = 0)
as the sum of two processes: the probability of a structural zero (𝜋𝑖) plus the probability of
not being a structural zero (1 − 𝜋𝑖) and then getting a zero from the Poisson distribution
anyway.

The parameters 𝜋𝑖 and 𝜆𝑖 can be modeled as functions of an independent variable 𝑋𝑖:

logit(𝜋𝑖) = 𝛼𝜋 + 𝛽𝜋𝑋𝑖

log(𝜆𝑖) = 𝛼𝜆 + 𝛽𝜆𝑋𝑖

We can assign prior distributions to the model parameters with weakly informative Normal
priors:

𝛼𝜋 ∼ Normal(0, 1)

𝛽𝜋 ∼ Normal(0, 1)

𝛼𝜆 ∼ Normal(0, 1)

𝛽𝜆 ∼ Normal(0, 1)

Reference(s)
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